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Abstract
A Lorentz symmetry violation aether-type theoretical model is considered to investigate the Casimir
effect and the generation of topological mass associated with a self-interacting massive scalar fields obeying
Dirichlet, Newman and mixed boundary conditions on two large and parallel plates. By adopting the
path integral approach we found the effective potential at one- and two-loop corrections which provides
both the energy density and topological mass when taken in the ground state of the scalar field. We then
analyse how these quantities are affected by the Lorentz symmetry violation and compare the results
with previous ones found in literature.
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I. INTRODUCTION
The Casimir effect was predicted by H. B. Casimir in 1948 [1] and, although not with a great
precision, experimentally verified teen years later by M. J. Sparnnaay [2]. Since then it has
been confirmed by several high precision experiments [3–9], leading currently to one of the most
interesting topic of research. The Casimir effect consists in a direct manifestations of the existence
of quantum fluctuations of the vacuum and was noted to arise for the first time when considering
two parallel conducting plates placed very close to each other in the vacuum, separated by a very
small distance when compared with the plates dimensions. In this case, the theoretical prediction
and experimental observation that the two plates attract each other [1] was not credited to
the gravitational or electromagnetic forces, but to the modifications of the quantum vacuum
fluctuations of the electromagnetic field by the presence of the plate. The gravitational interaction
between the plates is far too weak to be observed while the electromagnetic interaction is absent
since the plates are neutral.
Other quantum-relativistic fields, such as scalar and fermion fields, can also present modifica-
tions in the quantum fluctuations of their vacua by some sort of boundary condition, leading to
a Casimir-like effect. The formal and standard approach to investigate the Casimir interactions
is in the realm of quantum field theory, which is based on the assumption that the Lorentz sym-
metry is preserved. However, one may well assume other scenarios where the Lorentz symmetry
is violated which is normally the case in models that look for probing high-energy phenomena.
This, in fact, has been done from both theoretical and experimental point of views. In the con-
text of several of these Lorentz symmetry violation scenarios the spacetime becomes anisotropic
in one (or more) direction, including time, and inevitably the quantum field whose modes prop-
agates in it has its energy spectrum modified. Lorentz symmetry violation in string theory can
be found in Ref. [10] and in low-energy scale scenarios in Refs. [11–19]. Therefore, with the
great number of theoretical works, it is natural that the search for Lorentz symmetry violations
also acquire experimental interest and, in this sense, the Casimir effect becomes an even more
interesting topic to study since it can be related with Lorentz symmetry violation models.
Although the Casimir effect is more often calculated in terms of the zero-point energy of a
quantized field, this effect can also be investigated by adopting the path integral formalism for
quantum field theory, developed by Jackiw [23], in which an effective potential, presented in terms
of loop-expansions, allows us to obtain the energy density as well as generation of topological
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mass.1 Studies of radiative corrections for the Casimir energy were reported in Refs. [20–22] and
in [24, 25, 29]. In the latter, generation of topological mass for a self-interacting massless scalar
field obeying different boundary conditions on two large and parallel plates was also considered.
By following the same line of investigation as in Ref. [25], in the present work, we study the
loop expansions to the Casimir energy and generation of topological mass for a self-interacting
massive and massless scalar fields subject to Dirichlet, Newman and mixed boundary condition
in the context of a CPT even aether-type Lorentz symmetry violation model [30–32].
This paper is organized as follows: In section II we briefly describe the theoretical model
that we want to investigate, which consists of a self-interacting massive scalar field in a CPT
even aether-type Lorentz symmetry violation approach. We then calculate the one- and two-
loop radiative corrections to the Casimir energy and generation of topological mass admitting
that the scalar field obeys Dirichlet, Newman and mixed boundary conditions on two large and
parallel plates. Because these calculations are divergent, we adopt the Riemann zeta-function
renormalization procedure to provide finite and well defined results. Finally, in section III we
present our conclusions. Throughout the paper we use natural units ~ = c = 1 and metric
signature (−,+,+,+).
II. LOOPS CORRECTIONS AND GENERATION OF TOPOLOGICAL MASS
A. Theoretical Model
We first introduce the aether-type Lorentz symmetry violation model that we want to consider
to investigate the vacuum energy and generation of topological mass. The model is composed
by a self-interacting scalar field that presents a CPT even and aether-like Lorentz violation term
implemented by direct coupling between the derivative of the field with an external constant
4−vector. (For a more detailed review see [30, 32]). The model is described by the action below,
S(φ) =
∫
M
d4xL(x) , (II.1)
whereM is a flat manifold and L is a Lagrangian density, given by
L(x) = −1
2
(
∂µφ
)(
∂µφ
)
+
1
2
χ
(
u · ∂φ)2 − U(φ) . (II.2)
In the above expression, the scalar field of mass m is represented by φ(x). The 4-vector, uµ,
is responsible for a privileged direction in spacetime and the dimensionless parameter χ, which
1 In fact both calculations are divergent. The standard procedure to renormalize them and obtain finite results
is through the use of Riemann zeta-function.
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codifies the Lorentz violation, is much smaller than unity. The last term on the r.h.s of (II.2) is
the classical potential U(φ), which for a massive and self-coupling, λφ4 theory, is given by
U(φ) =
m2φ2
2
+
λφ4
4!
+
φ4
4!
δ1 +
φ2
2
δ2 + δ3 , (II.3)
where the parameters δ1, δ2 and δ3 correspond to the renormalization constants of the theory
and will be determined later. Before we proceed, we want to make clear that the analysis we
want to develop in this paper will take into consideration the 4-vector, uµ, in two types: timelike
and spacelike. The timelike component is represented by ut = (1, 0, 0, 0) while the spacelike is
represented by ux = (0, 1, 0, 0) if the privileged direction is in the x-axis, uy = (0, 0, 1, 0) if the
privileged direction is in the y-axis and uz = (0, 0, 0, 1) if the privileged direction is in the z-axis.
In order to adopt the path integral approach described in detail in Ref. [25] we need to
allow the field φ(x) to fluctuate about a fixed background field, Φ, with its quantum fluctuations
represented by ϕ. Thus, after performing a Wick rotation (t → −it) in the Lorentzian action
(II.1) and define an Euclidean one we can make use of the generating function of the one-particle-
irreducible Green function [25]. This provides a description in terms of a Φ-dependent effective
potential which, up to two-loop corrections, is written as
Veff(Φ) = Vcl(Φ) + V
(1)(Φ) + V (2)(Φ), (II.4)
where Vcl(Φ) = U(Φ) is the tree-level (classical) contribution to the effective potential in a flat
manifold, V (1)(Φ) and V (2)(Φ) are the one- and two-loop correction contributions, respectively.
Note that we have performed a linear expansion of φ (φ → Φ + ϕ) about the classical field, Φ.
The two-loop contribution in the last term on the r.h.s of (II.4) is a contribution of two graphs
to the effective Euclidian action [25]. We will postpone to the next sections how to calculate it,
for each case we consider.
As to the one-loop contribution to the effective potential, we will follow the same method of
[25], which is to define this contribution in terms of the Riemann zeta function ζ(s), i.e.,
V (1)(Φ) = − 1
2vol(E)
[
ζ ′(0) + ζ(0)ln
(
µ2
) ]
, (II.5)
where vol(E) is the Euclidian volume, ζ ′(s) the derivative of the zeta function with respect to
the parameter s and the term ζ(0)ln(µ2) is to be removed by renormalization.2 As it is known,
the (generalized) Riemann zeta function, ζ(s), is defined as
ζ(s) =
∑
β
Λ−sβ , (II.6)
2 The parameter µ is associated with a measure on the space of function [25].
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where Λβ is the spectrum of eigenvalues associated with a self-adjoint elliptic operator, which in
our case is given by
∆ = −∂µ∂µ + χuµuν∂µ∂ν +m2 + λΦ
2
2
. (II.7)
Note that β stands for the set of quantum numbers associated with the quantum field eigenfunc-
tion, ϕ, of the operator, ∆. Although the zeta function (II.6) is defined in terms of the complex
parameter s, for Re(s) > 1, an analytic continuation to the whole complex plane can be obtained
for it, including in s = 0.
The renormalization condition that enable us to eliminate the term ζ(0)ln(µ2) in (II.5) is
considered in analogy to Coleman-Weinberg and should fix the coupling-constant [25, 26]. This
condition is written as
d4Veff
dΦ4
∣∣∣∣
Φ=0
= λ. (II.8)
As we will see, this condition will fix the renormalization constant δ1.
z
a
LL
FIG. 1: Schematic configuration for the two parallel plates with area L2 separated by a
distance a (a L).
On the other hand, the condition that makes possible to obtain a topological mass is given
by
d2Veff
dΦ2
∣∣∣∣
Φ=0
= m2. (II.9)
This condition fix the renormalization constant δ2 and also provides the topological mass when
using the renormalized effective potential, as we will see. Note that Φ = 0 is the value that
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minimizes the effective potential and represents the minimum of the potential only if it obeys
the extremum condition
dVeff
dΦ
∣∣∣∣
Φ=0
= 0, (II.10)
leading to Eq.(II.9) being positive.
Moreover, in order to find the constant δ3 we also need to use an additional renormalization
condition which is given by
Veff
∣∣
Φ=0
= 0. (II.11)
From now on in our discussion we will assume that the quantum field ϕ is confined between
two large parallel plates, as it is shown in Fig.1. The quantum field ϕ is an eigenfunction of
the self-adjoint elliptic operator (II.7), with eigenvalues Λβ . In this sense, the eigenvalues we are
interested in are the ones obtained by requiring that ϕ must satisfy specific boundary conditions
on the plates placed at z = 0 and z = a for all cases of 4-vector uµ: timelike and spacelike.
B. Dirichlet and Neumann boundary conditions
We will start by considering the case where the scalar field, ϕ, satisfies Dirichlet and Neumann
boundary conditions on the plates, respectively, that is,
ϕ(x)
∣∣
z=0
= ϕ(x)
∣∣
z=a
, and
∂ϕ(x)
∂z
∣∣∣∣
z=0
=
∂ϕ(x)
∂z
∣∣∣∣
z=a
. (II.12)
The complete set of normalized solutions of the scalar field, ϕ, under these conditions have been
reported, for instance, in Ref. [27]. These solutions provide the following eigenvalues of the
operator (II.7):
Λβ = k
2
t + k
2 +
n2pi2
a2
− χuµuνkµkν +m2 + λΦ
2
2
, (II.13)
where kµ = (kt, kx, ky, kz) are the four-momentum components, k2 = k2x + k2y and kz = npi/a,
for n = 1, 2, 3, ... . Hence, the set of quantum numbers is β = (kt, kx, ky, n). Note that kt, kx
and ky are continuum quantum numbers. In addition we want to point out that for constant
time-like vector, ut, in (II.13), we have to consider the Euclidean version of the zero-component
of the four-momentum, i.e., we have to take kt → −ikt, in the term associated with the Lorentz
violating parameter, χ.
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1. Timelike vector
We want to begin considering the timelike type of the 4-vector uµ, in which case, ut =
(1, 0, 0, 0), meaning that the privileged direction chosen to have the Lorentz symmetry violated
is the time one. This leads to the eigenvalues (II.13) to be written as
Λβ = (1 + χ)k
2
t + k
2 +
pi2n2
a2
+m2 +
λΦ2
2
. (II.14)
The set of eigenvalues in Eq. (II.14) allow us to build the zeta function by using the definition
(II.6). This provides
ζ(s) =
V3
(2pi)3
∞∑
n=1
∫
d3k
[
(1 + χ)k2t + k
2 +
pi2n2
a2
+m2 +
λ
2
Φ2
]−s
, (II.15)
where V3 is a continuum volume associated with the coordinates t, x, y and d3k = dktdkxdky.
After defining a new variable κt =
√
1 + χkt, the integrals in κt , kx and ky can be performed
by using the identity
1
ω2s
=
1
Γ(s)
∫ ∞
0
dττ2s−1e−ω
2τ2 . (II.16)
Consequently, (II.15) becomes
ζ(s) =
V3
(2pi)3
pi3/2√
1 + χ
Γ(s− 3/2)
Γ(s)
w3−2s
∞∑
n=1
(
n2 + ν2
)3/2−s
, (II.17)
where
ν2 ≡ λΦ
2
2w2
+
m2
w2
and w ≡ pi
a
. (II.18)
The sum in n present in Eq. (II.17) can be worked out by making use of the Epstein-Hurwitz
zeta function [28]:
ζEH(s, ν) ≡
∞∑
n=1
(
n2 + ν2
)−s
= −ν
−2s
2
+
pi1/2
2
Γ(s− 1/2)
Γ(s)
ν1−2s +
21−s(2pi)2s−1/2
Γ(s)
∞∑
n=1
n2s−1f(s−1/2)(2pinν),
(II.19)
where the function fγ(x) is defined in terms of the modified Bessel functions [28], Kγ(x), by the
following relation:
fγ(x) ≡ Kγ(x)
xγ
. (II.20)
Thus, using (II.19) in Eq. (II.17) we get
ζ(s) =
V3
(2pi)3
1√
1 + χ
[
− pi
3/2w−2s¯ν−2s¯
2
Γ(s¯)
Γ(s¯+ 3/2)
+
pi1/2pi3/2w−2s¯
2
Γ(s¯− 1/2)
Γ(s¯+ 3/2)
ν1−2s¯
+
21−s¯(2pi)2s¯−1/2pi3/2w−2s¯
Γ(s¯+ 3/2)
∞∑
n=1
n2s¯−1f(s¯−1/2)(2pinν)
]
,
(II.21)
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where s¯ = s−3/2. We should note that in order to obtain the one-loop correction to the effective
potential we have to take the limit, s → 0, which means s¯ → −3/2. Consequently, Eq. (II.21)
provides
ζ(0) =
V3a
2(2pi)4
pi2b4√
1 + χ
, (II.22)
and
ζ ′(0) =
V3a
(2pi)3
[
−2pi
2
3
b3√
1 + χa
+
3
8
pib4√
1 + χ
− pi
2
b4ln(b)√
1 + χ
+
2pib2√
1 + χa2
∞∑
n=1
K2 (2ban)
n2
]
, (II.23)
where the parameter b is defined as
b ≡
√
λΦ2
2
+m2 . (II.24)
Hence, substituting the results in Eqs. (II.22) and (II.23) into (II.5), we find the one-loop
correction to effective potential, that is,
V (1)(Φ) =
b3
24pi
√
1 + χa
− 3b
4
128pi2
√
1 + χ
+
b4ln
(
b2
µ2
)
64pi2
√
1 + χ
− b
2
8pi2
√
1 + χa2
∞∑
n=1
K2 (2ban)
n2
.
(II.25)
This allow us to write the effective potential (II.4) up to one-loop correction as
Veff(Φ) =
m2Φ2
2
+
λΦ4
4!
+
Φ2
2
δ2 +
Φ4
4!
δ1 + δ3 +
b3
24pi
√
1 + χa
− 3b
4
128pi2
√
1 + χ
+
b4ln
(
b2
µ2
)
64pi2
√
1 + χ
− b
2
8pi2
√
1 + χa2
∞∑
n=1
K2 (2ban)
n2
.
(II.26)
The effective potential above still needs to be renormalized, requiring that we find the renor-
malization constants δ1, δ2 and δ3 as we take the limit a → +∞ [25, 33] . This is done by
making use of the conditions (II.8), (II.9) and (II.11) taken at Φ = 0. The condition (II.8) fix
the renormalization constant δ1, i.e.,
δ1
4!
=
λ2ln
(
µ2
m2
)
256pi2
√
1 + χ
. (II.27)
Furthermore, the renormalization conditions (II.9) and (II.11) fix, respectively, the constants δ2
and δ3, providing
δ2
2
=
λm2
64pi2
√
1 + χ
+
λm2ln
(
µ2
m2
)
64pi2
√
1 + χ
, (II.28)
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and
δ3 =
3m4
128pi2
√
1 + χ
+
m4ln
(
µ2
m2
)
64pi2
√
1 + χ
. (II.29)
The renormalization constants above when taking into account in Eq. (II.26) allow us to
obtain the renormalized effective potential at one-loop level
V Reff(Φ) =
m2Φ2
2
+
λΦ4
4!
− 3b
4
128pi2
√
1 + χ
+
3m4
128pi2
√
1 + χ
+
b3
24pi
√
1 + χa
+
m2λΦ2
64pi2
√
1 + χ
+
b4ln
(
b2
m2
)
64pi2
√
1 + χ
− b
2
8pi2
√
1 + χa2
∞∑
n=1
K2 (2ban)
n2
.
(II.30)
This expression for the renormalized effective potential is clearly affected by the Lorentz sym-
metry violation parameter χ, as it should be.
The renormalized effective potential, (II.30), when taken at the vacuum state Φ = 0, provides
a non-vanishing vacuum Casimir-like potential energy by unit area of the plates, given by,
EC
L2
= aV Reff(0) = −
m2
8pi2
√
1 + χa
∞∑
n=1
K2 (2amn)
n2
. (II.31)
As we can see the Casimir potential energy density above is affected by the Lorentz symmetry
violation parameter χ through a multiplicative factor. Although this potential energy is given in
terms of a sum of the modified Bessel functions, K2(2man), it is a convergent expression, since
for large values of n this function is exponentially suppressed.
It is possible to provide a closed expressions for the asymptotic behaviors as am  1 and
am  1, of the vacuum potential energy density. Thus, in the case am  1, by using the
asymptotic expression for the modified Bessel function for large argument [28], we get
EC
L2
≈ − 1
16
√
1 + χ
(m
pia
)3/2
e−2am . (II.32)
In this limit, the dominant term in (II.31) is for n = 1, and we can clearly see that for large
values of am the vacuum potential energy density is exponentially suppressed.
As to the case when am  1 it is convenient first to use the integral representation for the
modified Bessel function [36]:
Kν(z) =
√
pi
(
1
2z
)ν
Γ(ν + 1/2)
∫ ∞
1
e−zt
(
t2 − 1)ν−1/2 dt . (II.33)
By substituting the above representation into (II.31), it is possible to develop the sum over n.
Doing this we get:
EC
L2
= − am
4
6pi2
√
1 + χ
∫ ∞
1
dv
(v2 − 1)3/2
e2amv − 1 . (II.34)
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In the regime of am << 1, the integral in (II.34) is dominated by large values of v; so we may
approximated (II.34) to
EC
L2
≈ − am
4
6pi2
√
1 + χ
∫ ∞
1
dv
v3
e2amv − 1 . (II.35)
Now we can obtain an expression to the integral in (II.35), which developing a series expansion
in powers of am << 1, provides,
EC
L2
≈ − pi
2
1440
√
1 + χa3
+
m3
36pi2
√
1 + χ
− am
4
48pi2
√
1 + χ
. (II.36)
Note that the leading term in the first term on the r.h.s of (II.36) is the contribution of the
massless scalar field, which becomes an exact expression in the limit m → 0. Moreover, we
also recover from Eq. (II.31) results for the Casimir effect for a real scalar field which satisfies
Dirichelet and Neumann boundary conditions on two parallel plates without Lorentz violation
[27, 34, 35].
As it has been said before, the two-loop contribution to the effective potential comes from
the two graphs to the effective Euclidian action given in [25, 29]. As we are only interested in
the two-loop contribution to the vacuum energy, its only nonzero term, at Φ = 0, is given by
V (2)(Φ = 0) =
λ
8
S1(Φ = 0) . (II.37)
The function S1(Φ) is obtained by means of the expression
S1(Φ) =
{ ∞∑
n=1
1
a
∫
d3k
(2pi)3
[
(1 + χ)k2t + k
2 +
pi2n2
a2
+m2 +
λΦ2
2
]−s}2
, (II.38)
where s has been introduced in order to regularize the expression above. After we subtract the
divergente part of (II.38) one should take s = 1. This allows us to write the finite contribution
of the function S1(Φ) in terms of the zeta function (II.21) as
S1(Φ) =
[
ζR(1)
V3a
]2
. (II.39)
Note that ζR(1) is the zeta function (II.21) taken at s = 1 after subtracting the divergent part of
it given by the second term on the r.h.s. This term, when divided by V3a, is independent of a and
presents a divergent contribution at s = 1 proportional to Γ(s−2)Γ(s) ≈ s1−s . As it is usually done,
this term should be subtracted since it does not depend on the boundary condition parameter,
that is, a. Hence, Eqs. (II.37) and (II.39) provide the two-loop contribution to the effective
potential as
E
(λ)
C
L2
= aV (2)(0) =
m2λ
128pi4(1 + χ)a
[ ∞∑
n=1
K1 (2amn)
n
]2
. (II.40)
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Also we can see that E
(λ)
C
L2
depends on the Lorentz violation parameter by a multiplicative factor;
moreover, it is an exact and a convergent function, which can be seen by noting that the modified
Bessel function K1(2man) is exponentially suppressed for large values of n.
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FIG. 2: The behaviors of the Casimir energy per unity area E(am) = a
3
L2
EC given by (II.31) as
function of am is exhibited in the left panel, and the two-loop contribution to the Casimir
energy per unit area Eλ(am) = a
3
L2
E
(λ)
C in Eq. (II.40) as function of am, is presented in the right
panel considering λ = 10−3. For both plots different values for the parameter χ, is considered.
We can also obtain a closed expressions for (II.40) in the regimes when am 1 and am 1.
Considering first the case am >> 1, we have
E
(λ)
C
L2
≈ λme
−4am
512pi3(1 + χ)a2
, (II.41)
which is dominated by the term n = 1 in the sum and it is exponentially suppressed. This feature
is shown in Fig.2.
For the opposite regime, that is when am 1, we should use again the integral representation
(II.33) for the modified Bessel function Kµ(x). Developing a similar procedure as before, we
obtain
E
(λ)
C
L2
≈ λ
18432(1 + χ)a3
− λm
768pi2(1 + χ)a2
, (II.42)
which give us as the leading contribution the massless scalar field expression in the first term on
the r.h.s of it. This becomes an exact expression in the limit m→ 0.
In the left panel of Fig.2, we exhibit the behavior of the Casimir energy per unity area given
by Eq. (II.31), as function of the dimensionless parameter ma, considering different values for
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the parameter χ. We can see that it increases as the Lorentz symmetry violation parameter
increases. In the right plot, on the other hand, we exhibit the two-loop correction to the Casimir
energy per unity area, Eq. (II.40), as function of am. It is clear that both plots are in agreement
with the asymptotic behaviors (II.32) and (II.36) for the Casimir energy, and with (II.41) and
(II.42) for the two-loop correction.
0.2 0.4 0.6 0.8 1.0 1.2
am
1.00000
1.00005
1.00010
1.00015
1.00020
1.00025
1.00030
m
T
m
Topological mass ( = 10 3)
= 0.0
= 0.3
= 0.6
= 0.9
FIG. 3: The behavior of the ration of the topological mass by the scalar field mass as function
of am is plotted assuming λ = 10−3 and different values for the Lorentz violating parameter χ.
At one-loop level the massive scalar field we are considering will get quantum corrections to its
mass. This correction can be obtained by using condition (II.9), at Φ = 0, for the renormalized
effective potential (II.30) at one-loop level, i.e.,
m2T =
d2V Reff(Φ)
dΦ2
∣∣∣∣
Φ=0
= m2
[
1 +
λ
16pi
√
1 + χam
+
λ
8pi2
√
1 + χam
∞∑
n=1
K1 (2amn)
n
]
. (II.43)
This expression presents a topological contribution, which depends on a, to the mass m of
the scalar field given by the terms proportional to the self-coupling constant λ. Even for the
massless scalar field, which remains massless at the tree-level, there appears a topological mass
generated at one-loop correction as we can see from Eq. (II.43). Moreover, the third term inside
the bracket is convergent, since it is exponentially suppressed for large values of n. In fact,
the leading contribution for am  1 is given by the first term on the r.h.s of (II.43). This
asymptotic behavior can be obtained by using the expressions for the modified Bessel function
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for large argument [28]. The asymptotic expression for (II.43) in the regime am 1 is:
m2T ≈ m2 +
λm
16pi
√
1 + χa
+
λ
16pi3/2
√
m
a3
e−2am√
1 + χ
. (II.44)
On the other hand, for am  1, the leading term is mass independent, followed by terms that
depend on the mass of the scalar field. Once more this behavior can be obtained by using the
integral representation for the function Kµ(z), (II.33). After some intermediate steps we obtain:
m2T ≈
λ
96
√
1 + χa2
+
λm
16pi
√
1 + χa
− λm
8pi2
√
1 + χa
+m2 . (II.45)
The asymptotic results, Eqs. (II.44) and (II.45), are in agreement with the plot of Fig.3 which
exhibits the behavior of the ratio of the topological mass to the field’s mass itself, mT /m, as
function of am for different parameter χ. Note that the topological mass decreases as χ increases.
2. Spacelike vector
Now we consider the case that constant 4-vector is space-like, that is, of the types ux =
(0, 1, 0, 0), uy = (0, 0, 1, 0) and uz = (0, 0, 0, 1). The first two types are parallel to the plates and
provide essentially the same results while the third type is perpendicular to the plates. Let us
then begin by considering the parallel cases by assuming, for instance, that a broke of Lorentz
symmetry happens in the x-direction, i.e., ux = (0, 1, 0, 0). This give us the set of eigenvalues:
Λβ = k
2 + (1− χ)k2x +
pi2n2
a2
+m2 +
λ
2
Φ2 , (II.46)
where k2 = k2t +k2y. Thereby, from Eq. (II.7), the set of eigenvalues above is associated with the
elliptic-operator given by
∆ = −∂µ∂µ + χ∂2x +m2 +
λ
2
Φ2 . (II.47)
So, in this case, the zeta function (II.6) is written as
ζ(s) =
V3
(2pi)3
∫
d3k
∞∑
n=1
[
k2 + (1− χ)k2x +
pi2n2
a2
+m2 +
λ
2
Φ2
]−s
. (II.48)
The integrals in kt, kx and ky can be solved using the identity (II.16), providing
ζ(s) =
V3
(2pi)3
pi3/2√
1− χ
Γ(s− 3/2)
Γ(s)
w3−2s
∞∑
n=1
(
n2 + ν2
)3/2−s
, (II.49)
where
ν2 =
λΦ2
2w2
+
m2
w2
and w =
pi
a
. (II.50)
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Clearly, we can see that this result is very similar to the one obtained in the timelike case,
with a different dependence on the Lorentz violation parameter, χ. In fact, the timelike and
spacelike expressions for the zeta function (II.17) and (II.49), respectively, are related by the
change χ→ −χ. Hence, we expect that all the results for the vacuum energy, its loop-correction
and the topological mass will be related by this same change.
Let us now turn to the most important type of the spacelike Lorentz symmetry violation,
namely, the one in the perpendicular direction to the plates given by
uz = (0, 0, 0, 1) . (II.51)
This provides, from Eq. (II.7), the following differential elliptic operator:
∆ = −∂µ∂µ + χ∂2z +m2 +
λΦ2
2
. (II.52)
Consequently, the set of eigenvalues associated with this operator is found to be
Λβ = k
2 + (1− χ) pi
2n2
a2
+m2 +
λΦ2
2
. (II.53)
Note that k2 = k2t + k2x + k2y. Thereby, the zeta function (II.6), taking into consideration (II.53),
is written as
ζ(s) =
V3
(2pi)3
∞∑
n=1
∫
d3k
[
k2 + (1− χ) pi
2n2
a2
+m2 +
λΦ2
2
]−s
, (II.54)
where, again, V3 is the continuum volume associated with the dimensions t, x, y and d3k =
dktdkxdky. Thus, the identity (II.16) allows us to perform the integrals in kt, kx and ky in Eq.
(II.54). The resulting expression, in analogy with Eq. (II.49), can be written in terms of the
Epstein-Hurwitz function (II.19), providing that
ζ(s) =
V3
(2pi)3
[
− pi
3/2w−2s¯ν−2s¯
2
Γ(s¯)
Γ(s¯+ 3/2)
+
pi1/2pi3/2w−2s¯
2
Γ(s¯− 1/2)
Γ(s¯+ 3/2)
ν1−2s¯
+
21−s¯(2pi)2s¯−1/2pi3/2w−2s¯
Γ(s¯+ 3/2)
∞∑
n=1
n2s¯−1f(s¯−1/2)(2pinν)
]
,
(II.55)
where s¯ = s− 3/2 and
ν2 =
λΦ2
2w2
+
m2
w2
and w ≡
√
1− χpi
a
. (II.56)
Note that one should consider the limit s → 0, or analogously s¯ → −3/2. In this limit, we can
get the expressions for ζ(0) and ζ ′(0), respectively, given by
ζ(0) =
V3a
2(2pi)4
pi2b4√
1− χ , (II.57)
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ζ ′(0) =
V3L
(2pi)3
−2pi2
3
b3
a
+
3
8
pib4√
1− χ −
pi
2
b4ln(b)√
1− χ +
2pi
√
1− χb2
a2
∞∑
n=1
K2
(
2abn√
1−χ
)
n2
 . (II.58)
Consequently, from Eq. (II.5), the one-loop correction to the effective potential is
V (1)(Φ) =
b3
24pia
− 3b
4
128pi2
√
1− χ +
b4ln
(
b2
µ2
)
64pi2
√
1− χ
− b
2
√
1− χ
8pi2a2
∞∑
n=1
K2
(
2abn√
1−χ
)
n2
,
(II.59)
where the parameter b is defined as
b =
√
λΦ2
2
+m2 . (II.60)
Hence, the effective potential up to one-loop correction, given by the expression (II.4), is obtained
as
Veff(Φ) =
m2Φ2
2
+
λΦ4
4!
+
Φ2
2
δ2 +
Φ4
4!
δ1 + δ3 +
b3
24pia
− 3b
4
128pi2
√
1− χ
+
b4ln
(
b2
µ2
)
64pi2
√
1− χ −
b2
√
1− χ
8pi2a2
∞∑
n=1
K2
(
2abn√
1−χ
)
n2
.
(II.61)
We should now obtain the renormalization constants δ1, δ2 and δ3, which can be done by using
the conditions (II.8), (II.9) and (II.11), respectively. Thus, the renormalization constant δ1 is
found to be
δ1
4!
=
λ2ln
(
µ2
m2
)
256pi2
√
1− χ , (II.62)
δ2
2!
=
m2λ
64pi2
√
1− χ +
m2λln
(
µ2
m2
)
64pi2
√
1− χ , (II.63)
and
δ3 =
3m4
128pi2
√
1− χ +
m4ln
( µ2
m2
)
64pi2
√
1− χ. (II.64)
Hence, substituting the renormalization constants above in Eq. (II.61), the renormalized effective
potential, up to one-loop correction, is found to be
V Reff(Φ) =
m2Φ2
2
+
λΦ4
4!
+
b3
24pia
− 3b
4
128pi2
√
1− χ +
m2λΦ2
64pi2
√
1− χ +
3m4
128pi2
√
1− χ
+
b4
64pi2
√
1− χ ln
(
b2
m2
)
− b
2
√
1− χ
8pi2a2
∞∑
n=1
K2
(
2abn√
1−χ
)
n2
.
(II.65)
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The vacuum energy per unit area of the plates is obtained when we take the vacuum state
(Φ = 0). Thus, from Eq. (II.65) we get
EC
L2
= aV Reff(0) = −
m2
√
1− χ
8pi2a
∞∑
n=1
K2
(
2amn√
1−χ
)
n2
, (II.66)
which is convergent and, therefore, finite. This expression for the vacuum energy per unit area
is exponentially suppressed for ma  1 and provides the massless scalar field expression for
ma 1.
We can mathematically obtain asymptotic expression for (II.66) in the regimes ma 1 and
ma 1. By considering the latter we have
EC
L2
≈ −
√
1− χ
16
(m
pia
)3/2
e
− 2am√
1−χ , (II.67)
which, as mentioned before, is exponentially suppressed. It is the dominant term for n = 1 in
the sum.
As to the limit am 1, we should first use the integral representation for the modified Bessel
function. Kµ(x), in Eq. (II.33). This provides
EC
L2
≈ −pi
2(1− χ)3/2
1440a3
+
m3
36pi2
− am
4
48pi2
√
1− χ . (II.68)
Note that the dominant term is the first one on the r.h.s and represents the vacuum energy per
unit area in the massless scalar field case.
Let us turn to the two-loop contribution to the effective potential calculated at Φ = 0 in the
case the 4-vector is orthogonal to the parallel plates. The S1(Φ) function in Eq. (II.37) is now
written as
S1(Φ) =
{ ∞∑
n=1
1
a
∫
d3k
(2pi)3
[
k2 + (1− χ)pi
2n2
a2
+m2 +
λΦ2
2
]−s}2
, (II.69)
which should be taken at s = 1 after subtracting the divergent contribution. This can be done
by using the zeta function (II.55) in a similar way as in the previous case shown in Eq. (II.39).
In the present case, the divergent contribution comes from the second term on the r.h.s of Eq.
(II.55) and, after subtracted, the two-loop contribution V (2)(0) at s = 1 can be found, leading
to the two-loop correction to the vacuum energy
E
(λ)
C
L2
= aV (2)(0) =
m2λ
128pi4a
 ∞∑
n=1
K1
(
2amn√
1−χ
)
n
2 . (II.70)
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This is a completely convergent expression since the modified Bessel function, Kµ(x), is expo-
nentially suppressed. This is also clear when one consider the asymptotic limit ma 1. In the
opposite limit, ma  1, the expression for the two-loop contribution to the vacuum energy for
a massless scalar field is obtained, as leading contribution.
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FIG. 4: The behavior of the Casimir energy per unity area E(am) = a
3
L2
EC given by Eq. (II.66)
as function of am is presented in the left panel, and the two-loop correction Eλ(am) = a
3
L2
E
(λ)
C ,
given by (II.70), as function of am is in the right one. In the latter we have taken λ = 10−3 and
considered different values for χ.
We can also obtain the asymptotic expressions for II.70 in the regimes ma 1 and ma 1.
In the latter, we have
E
(λ)
C
L2
≈ λm
√
1− χe− 4am√1−χ
512pi3a2
, (II.71)
which is exponentially suppressed and dominated by the term n = 1 in the sum.
In the opposite limit, ma  1, we need to use the integral representation (II.33) for the
modified Bessel function, Kµ(x). This provides
E
(λ)
C
L2
≈ λ(1− χ)
18432a3
− λm
√
1− χ
768pi2a2
. (II.72)
Note that the first term on the r.h.s is the massless scalar field contribution which becomes exact
when ma→ 0.
In the left panel of Fig. 4 we plot the behavior of the Casimir energy per unity area, (II.66),
as function of am considering different values for the parameter χ. This plot shows that as χ
increases, the vacuum energy also increases. On the other hand, in the right figure we plot the
two-loop correction to the vacuum energy per unity area, (II.70), as function of am, assuming
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λ = 10−3. This plot shows that as χ increases, the two-loop correction decreases. Moreover,
one should note an importante feature here, namely, the vacuum energy (II.66) and its radiative
correction (II.70) not only depends on, χ, by means of a multiplicative factor but also depends
on, χ, in the argument of the modified Bessel function, Kµ(x). This stronger dependence is
shown in the plots of Fig.4. The shift in the curves are stronger than in the previous timelike
case.
A topological mass in this case will also be generated and can be obtained by using the
condition (II.9). Thus, by applying the latter in the renormalized effective potential (II.65) we
find
m2T = m
2
1 + λ
16piam
+
λ
8pi2am
∞∑
n=1
K1
(
2amn√
1−χ
)
n
 . (II.73)
This is an exact convergent expression and in the limit ma  1 is dominated by the first term
on the r.h.s while in the limit ma 1 is dominated by the third term, the massless scalar field
contribution.
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FIG. 5: Plot exhibiting the behavior of the ration of the topological mass by the mass of the
field as function of am. In the plot is consider λ = 10−3 and different variation of χ.
Mathematically, the asymptotic behaviour ma 1 of (II.73) is given by
m2T ≈ m2 +
λm
16pia
+
λ 4
√
1− χ
16pi3/2
√
m
a3
e
− 2am√
1−χ , (II.74)
while the asymptotic behaviour ma 1 is
m2T ≈
λ
√
1− χ
96a2
+
λm
16pia
+m2 . (II.75)
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The asymptotic results, Eqs. (II.74) and (II.75), are in agreement with the plot of Fig.5 which
exhibits the behavior of the ratio of the topological mass to the field’s mass as function of ma for
a fixed value of λ and different values of χ. Note that, due to the dependence of the topological
mass (II.73) on χ in the argument of the modified Bessel function, Kµ(x), the curves in Fig.5
are shifted down, as χ increses, more than in the timelike case.
It is important to point out that all the results obtained up to here, adopting Dirichlet
boundary condition, for the timelike and spacelike types of Lorentz symmetry violation are the
same ones obtained when we consider Neumann boundary condition, as it should be. In the next
section, we will consider a mix of these two boundary conditions in which case we will refer to
as mixed boundary condition.
C. Mixed boundary condition
After the analysis of the effective potential, Casimir-like effect and topological mass assuming
Dirichlet and Neumann boundaries conditions obeyed by a massive scalar field on two parallel
plates, now we want to consider the case in which the field satisfies mixed boundary condition.
In other words, we assume that the field obeys Dirichlet and Neumann boundary conditions on
each of the plates separately. The conditions are then written as
ϕ(x)
∣∣
z=0
=
∂ϕ(x)
∂z
∣∣∣∣
z=a
= 0 and
∂ϕ(x)
∂z
∣∣∣∣
z=0
= ϕ(x)
∣∣
z=a
. (II.76)
The complete set of normalized solutions of the scalar field, ϕ, under these conditions have also
been reported in Ref. [27]. These solutions provide the following eigenvalues of the operator
(II.7):
Λβ = k
2
t + k
2 +
[(
n+
1
2
)
pi
a
]2
− χuµuνkµkν +m2 + λΦ
2
2
, (II.77)
where k2 = k2x + k2y and n = 0, 1, 2, 3, ... . Hence, we will consider the set of eigenvalues
(II.77) representing the mixed boundary condition case to calculate the renormalized effective
potential, the vacuum energy and topological mass taking into consideration the two types of
Lorentz symmetry violation, namely, the timelike and spacelike types.
1. Timelike vector
In the case that the 4-vector uµ is of the timelike type, i.e., ut = (1, 0, 0, 0), the eigenvalues
(II.77) of the elliptic operator (II.7) becomes
Λβ = (1 + χ) k
2
t + k
2 +
[(
n+
1
2
)
pi
a
]2
+m2 +
λΦ2
2
. (II.78)
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Consequently, the zeta function (II.6) is now written as
ζ(s) =
1√
1 + χ
V3
(2pi)3
∞∑
n=0
∫
d3k
{
κ2t + k
2 +
[(
n+
1
2
)
pi
a
]2
+m2 +
λΦ2
2
}−s
. (II.79)
Furthermore, by using the identity (II.16) we are able to perform the integrals in κt, kx and ky,
providing that
ζ(s) =
1√
1 + χ
V3
(2pi)3
pi3/2Γ(s− 3/2)
Γ(s)
w3−2s
∞∑
n=0
[(
n+
1
2
)2
+ ν2
]3/2−s
, (II.80)
where
ν2 =
λΦ2
2w2
+
m2
w2
and w =
pi
a
. (II.81)
We can see that there is still a sum in n to be performed in the zeta function expression (II.80).
In this sense, in order to apply the Epstein-Hurwitz zeta function (II.19) we can write the sum
in n as
∞∑
n=0
[(
n+
1
2
)2
+ ν2
]3/2−s
=
1
23−2s
[ ∞∑
n=1
(
n2 + 4ν2
)3/2−s − 23−2s ∞∑
n=1
(
n2 + ν2
)3/2−s]
. (II.82)
By using now Eqs. (II.82) and (II.19) in (II.80) we have the final form of the generalized zeta
function as given by
ζ(s) =
V3
(2pi)3
{
pi2w−2s¯ν1−2s¯Γ(s¯− 1/2)
2Γ(s¯+ 3/2)
√
1 + χ
+
2s¯+1/2pi2s¯+1w−2s¯
Γ(s¯+ 3/2)
√
1 + χ
×
×
[
4s¯
∞∑
n=1
n2s¯−1fs¯−1/2
(
4pinν
)− ∞∑
n=1
n2s¯−1fs¯−1/2
(
2pinν
)]}
,
(II.83)
where s¯ = s− 3/2. Thus, by using (II.83) we can obtain ζ(0) and ζ ′(0) leading to the one-loop
correction to the effective potential (II.5) written as
V (1)(Φ) = − 3b
4
128pi2
√
1 + χ
+
b4ln
(
b2
µ2
)
64pi2
√
1 + χ
− b
2
16pi2
√
1 + χa2
×
×
∞∑
n=1
[K2 (4ban)− 2K2 (2ban)]
n2
,
(II.84)
where
b =
√
λΦ2
2
+m2 . (II.85)
Hence, from Eqs. (II.3) and (II.84) the effective potential up to one-loop correction is found to
be
Veff(Φ) =
m2Φ2
2
+
λΦ4
4!
+
Φ2
2
δ2 +
Φ4
4!
δ1 + δ3 − 3b
4
128pi2
√
1 + χ
+
b4ln
(
b2
µ2
)
64pi2
√
1 + χ
− b
2
16pi2
√
1 + χa2
∞∑
n=1
[K2 (4ban)− 2K2 (2ban)]
n2
,
(II.86)
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where the renormalization constants δ1, δ2 and δ3 need to be determined in order to find the
renormalized form for the effective potential (II.86). For this purpose, the conditions (II.8), (II.9)
and (II.11) provide
δ1
4!
=
λ2ln
(
µ2
m2
)
256pi2
√
1 + χ
, (II.87)
δ2
2
=
λm2ln
(
µ2
m2
)
64pi2
√
1 + χ
+
λm2
64pi2
√
1 + χ
, (II.88)
and
δ3 =
m4ln
(
µ2
m2
)
64pi2
√
1 + χ
+
3m4
128pi2
√
1 + χ
. (II.89)
The renormalization constants found above, when used in (II.86), allow us to obtain the renor-
malized effective potential up to one-loop correction
V Reff(Φ) =
m2Φ2
2
+
λΦ4
24
− 3λ
2Φ4
512pi2
√
1 + χ
− λm
2Φ2
128pi2
√
1 + χ
+
λ2Φ4ln
(
b2
m2
)
256pi2
√
1 + χ
+
λm2Φ2ln
(
b2
m2
)
64pi2
√
1 + χ
+
m4ln
(
b2
m2
)
64pi2
√
1 + χ
− b
2
16pi2
√
1 + χa2
∞∑
n=1
[K2 (4abn)− 2K2 (2abn)]
n2
.
(II.90)
The renormalized effective potential above, at Φ = 0, provide the vacuum energy per unit area
of the plates as
EC
L2
= aV Reff(0) = −
m2
16pi2
√
1 + χa
∞∑
n=1
[K2 (4amn)− 2K2 (2amn)]
n2
. (II.91)
This expression is a convergent and exact expression for the vacuum energy. From it we can
consider asymptotic expressions for small and large arguments of the modified Bessel function
Kµ(x).
Let us now show the asymptotic expressions in the regimes ma  1 and ma  1. In the
latter, the vacuum energy (II.91) is exponentially suppressed and dominated by the term n = 1
of the modified Bessel function in the sum, i.e.,
EC
L2
≈ 1
32
√
1 + χ
(m
pia
)3/2
e−2am . (II.92)
On the other hand, in the regime ma 1, the vacuum energy is given by
EC
L2
≈ 7pi
2
11520
√
1 + χa3
− am
4
48pi2
√
1 + χ
+
a2m5
60pi2
√
1 + χ
. (II.93)
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This approximated expression is dominated by the first term on the r.h.s, associated with the
massless scalar field.
Now we turn to the calculation of the two-loop correction to the effective potential. As in the
previous sections, we can also make use of the zeta function which in the present case is given
by (II.83). Thus, the function S1(Φ) is written in the form
S1(Φ) =
{ ∞∑
n=0
1
a
∫
d3k
(2pi)3
[
(1 + χ) k2t + k
2 +
((
n+
1
2
)
pi
a
)2
+m2 +
λΦ2
2
]−s}2
, (II.94)
and can be expressed in terms of the zeta function (II.83) as
S1(Φ) =
[
ζR(1)
V3a
]2
, (II.95)
where ζR(1) is the zeta function (II.83) taken at s = 1 after subtracting the divergent part of it
given by the first term on the r.h.s. As explained before, this divergent part, when divided by
V3a, does not depend on a and as customary must be subtracted. Thus, from (II.95) and (II.37),
we obtain the two-loop correction to the vacuum energy as
E
(λ)
C
L2
= aV (2)(0) =
λm2
128pi4(1 + χ)a
{ ∞∑
n=1
[K1(4amn)−K1(2amn)]
n
}2
, (II.96)
which is also a convergent and exact expression. It is also exponentially suppressed for ma 1
and provide the massless contribution for ma 1.
The exponentially suppressed mathematical expression for (II.96) in the regime ma  1 is
given by
E
(λ)
C
L2
≈ λme
−4am
512pi3 (1 + χ) a2
, (II.97)
while in the regime ma 1, the vacuum energy is written as
E
(λ)
C
L2
≈ λ
73728(1 + χ)a3
− λm
2
3072pi2(1 + χ)a
+
λm3
4608pi2(1 + χ)
, (II.98)
where we can clearly see that the first term on the r.h.s is the dominant one and is associated
with the massless scalar field.
In the left panel of Fig.(6) we exhibit the Casimir energy, given by (II.91), as function of
am, wheres in the right panel we exhibit the behavior of the two-loop correction to the Casimir
energy per unity area, given by (II.96), as function of am considering different values for χ
and fixing λ = 10−5. By these plots we can infer that the vacuum energy and its two-loop
correction decrease as χ increases. Note that this is different from the timelike case considering
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FIG. 6: The behavior of the Casimir energy per unity area E(am) = a
3
L2
EC given by (II.91) as
function of am is exhibited in the left plot. The behaviour of the two-loop contribution
Eλ(am) =
a3
L2
E
(λ)
C , given by (II.96), is exhibited in the right plot. For the latter we assume
λ = 10−3, and consider different values for the parameter, χ.
only Dirichlet/Neumann boundary condition, in which case the vacuum energy increases whereas
its radiative correction decreases, as χ increases.
The mixed boundary condition we are considering here will also generate, at one-loop level,
a topological mass. In this sense, we can obtain the topological mass by using (II.90) and (II.9).
It is given by
m2T = m
2
{
1 +
λ
8pi2
√
1 + χam
∞∑
n=1
[K1(4amn)−K1(2amn)]
n
}
. (II.99)
We have plotted in Fig.7 the behaviour of mTm by using (II.99) in terms of am. The plot shows
that the topological mass increases as the Lorentz symmetry violation parameter, χ, increases.
This is different from the timelike case considering only Dirichlet/Neumann boundary condition.,
in which case the topological mass decreases as χ increases. Fig.7 also shows that in the regime
ma  1 the topological mass is dominated by the first term on the r.h.s of (II.99) while in the
opposite limit ma 1 the topological mass is the one associated with a massless scalar field.
Mathematically, for ma 1, we have
m2T ≈ m2 −
λ
16
√
1 + χ
√
me−2am
(pia)3/2
, (II.100)
which shows that the topological mass is dominated by the first term, m2.
In the opposite regime, ma 1 we obtain
m2T ≈ m2 −
λ
192
√
1 + χa2
+
λm2
16pi2
√
1 + χ
− λam
3
24pi2
√
1 + χ
+
λa3m5
120pi2
√
1 + χ
. (II.101)
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FIG. 7: The ration of the topological mass by the field mass as function of am. In the plot is
consider λ = 10−3 and different values of χ.
In this limit, the dominant term is the second one on the r.h.s of the above approximation,
associated with a massless scalar field.
2. Spacelike vector
We want now to consider the case in which the constant 4-vector, uµ, is of the spacelike
type. As before, there are three spacelike components specifying the broken symmetry direction:
ux = (0, 1, 0, 0), uy = (0, 0, 1, 0), both parallel to the plates, and uz = (0, 0, 0, 1), orthogonal to
the plates. In the two first cases, specifying the x and y directions, parallel to the plates, the
results for the effective potential, Casimir energy and topological mass are the same. Let us then
consider the x-direction:
ux = (0, 1, 0, 0) . (II.102)
In this case, from Eq. (II.77), the set of eigenvalues is given by
Λβ = k
2 + (1− χ) k2x +
[(
n+
1
2
)
pi
a
]2
+m2 +
λΦ2
2
, (II.103)
where k2 = k2t + k2y. So, using Eq. (II.6), the zeta function is written as
ζ(s) =
V3
(2pi)3
∫
d3k
∞∑
n=1
{
k2 + (1− χ) k2x +
[(
n+
1
2
)
pi
a
]2
+m2 +
λΦ2
2
}−s
. (II.104)
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Again, by using the identity (II.16), we are able to solve the integrals in kt, kx and ky to obtain
the zeta function in the form
ζ(s) =
1√
1− χ
V3
(2pi)3
pi3/2Γ(s− 3/2)
Γ(s)
w3−2s
∞∑
n=0
[(
n+
1
2
)2
+ ν2
]3/2−s
, (II.105)
where
ν2 =
λΦ2
2w2
+
m2
w2
and w =
pi
a
. (II.106)
We can notice that the expression (II.105) can be obtained from (II.80) by making χ → −χ.
Consequently, all the results for the renormalized effective potential, Casimir energy and topo-
logical mass can be obtained from the timelike case considered previously. This is also valid if
we consider the vector uy.
The most important type of Lorentz symmetry violation in this section is the one occurring
in the orthogonal direction to the plates, that is,
uz = (0, 0, 0, 1) . (II.107)
In this case, the set of eigenvalues (II.77) becomes
Λβ = k
2 + (1− χ)
[(
n+
1
2
)
pi
a
]2
+m2 +
λΦ2
2
, (II.108)
where k2 = k2t +k2x+k2y. Thus, substituting Eq. (II.108) in Eq. (II.6), we have the zeta function
expression written as
ζ(s) =
V3
(2pi)3
∞∑
n=0
∫
d3k
{
k2 + (1− χ)
[(
n+
1
2
)
pi
a
]2
+m2 +
λΦ2
2
}−s
. (II.109)
Once again, by using (II.16), we obtain
ζ(s) =
V3
(2pi)3
pi3/2Γ(s− 3/2)
Γ(s)
w3−2s
∞∑
n=0
[(
n+
1
2
)2
+ ν2
]3/2−s
, (II.110)
where
ν2 ≡ λΦ
2
2w2
+
m2
w2
and w ≡
√
1− χpi
a
. (II.111)
We need now to find an expression for the sum in n present in the zeta function above. In order
to do that, we can make use of Eq. (II.82). This provides
ζ(s) =
V3
(2pi)3
pi3/2Γ(s¯)
Γ(s¯+ 3/2)
(w
2
)−2s¯ [ ∞∑
n=1
(
n2 + 4ν2
)−s¯ − 2−2s¯ ∞∑
n=1
(
n2 + ν2
)−s¯]
, (II.112)
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where we have s¯ = s− 3/2. Hence, the Epstein-Hurwitz zeta function (II.19) allows us to obtain
(II.112) as
ζ(s) =
V3
(2pi)3
{
pi2w−2s¯ν1−2s¯Γ(s¯− 1/2)
2Γ(s¯+ 3/2)
+
2s¯+1/2pi2s¯+1w−2s¯
Γ(s¯+ 3/2)
×
[
4s¯
∞∑
n=1
n2s¯−1fs¯−1/2 (4piνn)−
∞∑
n=1
n2s¯−1fs¯−1/2 (2piνn)
]}
.
(II.113)
Consequently, in the limit s→ 0, we have
ζ(0) =
V3a
2(2pi)4
pi2b4√
1− χ , (II.114)
and
ζ ′(0) =
V3a
(2pi)3
{
3pib4
8
√
1− χ −
pib4ln(b)
2
√
1− χ
+
pib2
√
1− χ
a2
∞∑
n=1
[
K2
(
4abn√
1−χ
)
− 2K2
(
2abn√
1−χ
)]
n2
}
.
(II.115)
The one-loop correction (II.5) to the effective potential is now possible to be obtained by using
the results above for ζ(0) and ζ ′(0). This gives
V (1)(Φ) =
b4ln
(
b2
µ2
)
64pi2
√
1− χ −
3b4
128pi2
√
1− χ
− b
2
√
1− χ
16pi2a2
∞∑
n=1
[
K2
(
4abn√
1−χ
)
− 2K2
(
2abn√
1−χ
)]
n2
,
(II.116)
where
b =
√
λΦ2
2
+m2 . (II.117)
Furthermore, the effective potential up to one-loop correction, from Eqs. (II.3) and Eq. (II.116),
is written as
Veff(Φ) =
m2Φ2
2
+
λΦ4
4!
+
Φ2
2
δ2 +
Φ4
4!
δ1 + δ3 +
b4ln
(
b2
µ2
)
64pi2
√
1− χ −
3b4
128pi2
√
1− χ
− b
2
√
1− χ
16pi2a2
∞∑
n=1
[
K2
(
4abn√
1−χ
)
− 2K2
(
2abn√
1−χ
)]
n2
,
(II.118)
where the renormalization constants δ1, δ2 and δ3 are to be found by using (II.118) and the
conditions given by (II.8), (II.9) and (II.11). This provides
δ1
4!
=
λ2ln
(
µ2
m2
)
256pi2
√
1− χ (II.119)
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δ2
2
=
λm2ln
(
µ2
m2
)
64pi2
√
1− χ +
λm2
64pi2
√
1− χ , (II.120)
and
δ3 =
m4ln
(
µ2
m2
)
64pi2
√
1− χ +
3m4
128pi2
√
1− χ . (II.121)
Finally, by using the renormalization constants found above in Eq. (II.118) we obtain the
renormalized effective potential up to one-loop correction, i.e.,
V Reff(Φ) =
m2Φ2
2
+
λΦ4
24
− λm
2Φ2
128pi2
√
1− χ −
3λ2Φ4
512pi2
√
1− χ
+
λm2Φ2ln
(
b2
m2
)
64pi2
√
1− χ +
m4ln
(
b2
m2
)
64pi2
√
1− χ +
λ2Φ4ln
(
b2
m2
)
256pi2
√
1− χ
− b
2
√
1− χ
16pi2a2
∞∑
n=1
[
K2
(
4abn√
1−χ
)
− 2K2
(
2abn√
1−χ
)]
n2
.
(II.122)
At this point we can, by using the renormalized effective potential (II.122), obtain the vacuum
energy per unit area of the plate. This is done taking (II.122) at Φ = 0. This gives
EC
L2
= aV Reff(0) = −
m2
√
1− χ
16pi2a
∞∑
n=1
[
K2
(
4amn√
1−χ
)
− 2K2
(
2amn√
1−χ
)]
n2
. (II.123)
This exact and closed expression for the vacuum energy is exponentially suppressed for ma 1
while for ma 1 provides the expression for the vacuum energy in the massless scalar field case.
The exponentially suppressed expression for the vacuum energy in the regime ma  1 is
dominated by the n = 1 term of the sum, providing
EC
L2
≈ (1− χ)
3/4
16
(m
pia
)3/2
e
− 2am√
1−χ . (II.124)
The opposite regime ma 1 provides the approximated expression for the vacuum energy
EC
L2
≈ 7pi
2(1− χ)3/2
11520a3
− am
4
48pi2
√
1− χ +
a2m5
60pi2(1− χ) , (II.125)
which is dominated by the first term on the r.h.s. This is the term associated with the vacuum
energy of the massless scalar field.
We can now turn the calculation of the two-loop correction to the effective potential at Φ = 0.
The S1(Φ) function, as before, is given by
S1(Φ) =
{ ∞∑
n=0
1
a
∫
d3k
(2pi)3
[
k2 + (1− χ)
[(
n+
1
2
)
pi
a
]2
+m2 +
λΦ2
2
]−s}2
, (II.126)
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FIG. 8: The left plot presents the behavior of Casimir energy per unity area E(am) = a
3
L2
EC ,
given by (II.123), as function of am. The two-loop contribution Eλ(am) = a
3
L2
E
(λ)
C , given by
(II.128), is exhibited in the right panel as function of am fixing λ = 10−3. In both plots we
have considered χ.
which can be expressed in terms of the zeta function (II.113) as
S1(Φ) =
[
ζR(1)
V3a
]2
, (II.127)
where ζR(1) is the zeta function (II.83) taken at s = 1 after subtracting the divergent part of it
given by the first term on the r.h.s. Again, this divergent part, when divided by V3a, does not
depend on a and, as customary, must be subtracted. Thus, from (II.127) and (II.37), we obtain
the two-loop correction to the vacuum energy as
E
(λ)
C
L2
= aV (2)(0) =
λm2
128pi4a

∞∑
n=1
[
K1
(
4amn√
1−χ
)
−K1
(
2amn√
1−χ
)]
n

2
. (II.128)
This is an exact and convergent expression for the correction of the vacuum energy per unity
area. The asymptotic behaviors for the above expression are explicitly provided below.
The exponentially suppressed expression for the vacuum energy correction in the regime
ma 1 is dominated by the n = 1 term:
E
(λ)
C
L2
≈ λm
√
1− χe− 4am√1−χ
512pi3a2
. (II.129)
On the other hand, the expression for the vacuum energy correction in the opposite regime
ma 1 is given by
E
(λ)
C
L2
≈ λ(1− χ)
73728a3
− λm
2
3072pi2a
+
λm3
4608pi2
√
1− χ +
λam4
512pi4(1− χ) . (II.130)
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This expression is dominated by the first term on the r.h.s and is associated with the vacuum
energy correction in the massless scalar field case.
In the left panel of Fig.8 we exhibit the behavior of the Casimir energy, (II.123), as function
of am. In the right panel is exhibited the vacuum energy radiative correction, (II.128), also as
function of am. In both cases, the energy values decreases as χ increases. The curves are shifted
down more than in the timelike case. This is due the dependence of the vacuum energy (II.123)
and its radiative correction (II.128) on χ, in the argument of the modified Bessel function, Kµ(x).
The vacuum energy (II.123) also depend on, χ, as a multiplicative factor.
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FIG. 9: Graph presenting behavior of the ration of the topological mass by the mass of the field
as function of am. In the plot is consider λ = 10−3 and different values for the Lorentz
violating parameter: χ.
We want now to analyse the generation of topological mass. The latter can be obtained by
using the renormalized effective potential (II.122) in the condition (II.9). This provides the exact
expression for the topological mass, that is,
m2T = m
2
1 + λ8pi2am
∞∑
n=1
[
K1
(
4amn√
1−χ
)
−K1
(
2amn√
1−χ
)]
n
 . (II.131)
This expression is plotted in Fig.9. We can see that in the regime ma 1 the topological mass
is dominated by the first term on the r.h.s and grows to infinity. In the opposite regime ma 1
the topological mass tends to the expression associated with the massless scalar field. We can
also see in Fig.9 that the topological mass increases as χ increases. The curved are shifted up
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more than in the timelike previous case as a consequence of the dependence of the topological
mass (II.131) on χ, in the argument of the modified Bessel function.
The topological mass (II.131) in the regime ma 1 is given by
m2T ≈ m2 −
λ 4
√
1− χ
16pi3/2
√
m
a3
e
− 2am√
1−χ , (II.132)
while in the opposite regime ma 1 is
m2T ≈ m2 −
λ
√
1− χ
192a2
− λm
2
16pi2
√
1− χ −
λam3
24pi2(1− χ) +
λa3m5
120pi2(1− χ)2 . (II.133)
Note that the second term on the r.h.s of (II.133) is associated with a massless scalar field.
III. CONCLUDING REMARKS
.
In this work we have investigated the Casimir effect and the generation of topological mass
associated with a scalar self-interacting, λφ4, field theory in the context of aether-type Lorentz
symmetry violation model, implemented by direct coupling between the derivative of the field
with an external constant 4−vector. Specifically we have considered the situation in which the
field is confined between two parallel plates, assuming that it obeys, on each of the plates,
Dirichlet, Newman and mixed boundary conditions, separately. The area of the plates has been
taken to be L2 wheres the distance between them has been taken as a (a L).
Furthermore, we have found exactly Φ-dependent renormalized effective potentials, up to
one loop-correction, considering both timelike and spacelike cases of the 4-vector uµ, where Φ
is the classical and fixed background field. These renormalized effective potentials, at Φ = 0,
provided a Casimir-like energy and topological mass for all cases. We have also obtained an exact
two-loop correction to the effective potential when Φ = 0, which allows us to find a radiative
correction to the Casimir-like energy obtained from the renormalized effective potential up to
one-loop correction. The Casimir-like energies from Dirichlet and Neumann boundary conditions
are equal and differ from the Casimir-like energy arising from the mixed boundary condition by
a numerical factor and also by a change of sign.
All the results, in particular for the vacuum energies and topological mass, have been shown to
depend upon the Lorentz symmetry violation parameter, χ. In the case the latter is set to zero,
that is, χ = 0, the Lorentz symmetry is restored and all the well known results are recovered.
Hence, the Casimir-like effect, its radiative correction as well as the topological mass depend
upon specific boundary conditions imposed on the fields and the Lorentz symmetry breaking
30
parameter, χ. It is worth pointing out that in all boundary condition cases considered, our
results are more affected by χ in the spacelike type of broken symmetry, specifically, in the
z-direction, orthogonal to the plates.
To conclude this article, we point out that, in principle, if the detailed observations and
measurements for the Casimir-like effect were possible, one could use the modifications of it by
the Lorentz symmetry violation model considered here to estimate the values of the parameter,
χ, describing the spacetime anisotropy. This would certainly contribute to the experimental
measurement attempts to get an upper bound on χ.
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